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Abstract
In this work new interaction terms between two SYK models are proposed, which allow to
define an interaction picture such that it is possible to calculate exactly the vacuum state’s time
evolution. It is shown that the vacuum evolves as a time dependent SU(2) squezed state. The
time dependent entanglement entropy is calculated and it has the same form of the Page curve of
Black Hole formation and evaporation.
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I. INTRODUCTION
One of the most interesting debates in theoretical physics in the last decades involves black
hole formation and evaporation [1]. The great question is whether the process of formation
and evaporation of a black hole can be described in a unitary fashion, thus compatible with
quantum mechanics [2]. The AdSd+1/CFTd correspondence has been playing an important
role in this debate. In this scenario, the bulk quantum gravity theory in d + 1 spacetime
dimensions is dual to an ordinary d-dimensional conformal field theory that lives on the
asymptotic boundary of the bulk spacetime [3]. At first, the unitarity of the conformal
field theory ensures that any quantum gravity phenomenon, including the formation and
evaporation of a black hole, is unitary1. Then the von Neumann entropy of the Hawking
radiation should initially rise to a maximum value but then fall back down when the black
hole evaporates. The system starts in a pure state and ends in a pure state, following the
so-called Page curve [6, 7].
An important case of the AdSd+1/CFTd correspondence is the d = 1 case, where the
CFT1 is interpreted as a conformal quantum mechanics. Although the pure gravity in two
dimensions is not well defined, the AdS2 geometry appears as the near horizon limit of four or
five dimensional extremal black holes [8–11]. This implies that the microscopic explanation
of Bekenstein-Hawking entropy of the extremal black holes is expected to be directly related
to the AdS2/CFT1 correspondence [12–14]. An important issue was given in [15], where it is
presented an evidence that there are two systems of conformal quantum mechanics (CQM)
on the boundaries of the AdS2 and that they are entangled with each other. It is shown that
the black hole entropy is exactly the same as the entanglement entropy of the two CQM .
Recently, it has been argued that the fermionic degrees of freedom play an important role
in calculating the black hole entropy [16]. In fact, it was claimed in [17] that the Bekenstein
bound itself descends from the Pauli principle. In the AdS2/CFT1 context, an important
fermionic quantum mechanical model that helps to understand holographic entanglement
entropy is the Sachdev-Ye-Kitaev (SYK) model, which consists of N Majorana fermions with
random interaction [18, 19]. When it is considered an interaction between two SYK models
living in the boundaries of the ADS2, the system is dual to a traversable wormhole [20]. The
1 Clearly, this is not the end of the debate. See references [4, 5] for a more detailed discussion.
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coupling of two SYK models can be done using a teleportation protocol and it was shown that
the coupled SYK models have an interesting phase diagram at finite temperature, displaying
the usual Hawking-Page transition between the thermal AdS phase at low temperature and
the black hole phase at high temperature [20–22]. The entanglement entropy between two
SYK systems with bilinear coupling was calculated in [23] and, in particular, it was shown
that the ground state of the coupled system is close to a thermofield double state with
particular temperature .
In the present letter, we are going to show that a modification of the coupling between the
two systems allows to write the evolution of the ground state as a time dependent SU(2)
entangled state. The vacuum evolution is obtained in an interaction picture where the
bilinear interaction between the theories is the states’ time evolution operator. In this case,
it is shown that the vacuum evolves to a state of maximum entanglement and returns to the
initial pure state. The time dependent von Neumann entropy is calculated and the result
reproduces the Page curve. Although the time to reach the maximum entanglement depends
on the coupling between the theories, the maximum value of the time dependent entropy
depends only on the Hilbert space dimension (dimH) and it is written as Smax = ln(dimH).
A more evolved situation is achieved when the initial state is prepared as a thermal vacuum
using the approach of Thermo Field Dynamics (TFD). It is shown that the evolution has
the same characteristics. Now, from the point of view of one boundary, the system evolves
from an entangled state, passes through a point of maximum entanglement and returns
to the same entangled (thermal) state. However, in this case, a numerical analysis shows
that the entanglement entropy only reproduces the Page curve at the large N limit. The
time dependent state that is obtained via the temporal evolution of the thermal vacuum
is similar to a non equilibrium time dependent TFD state. This state is achieved through
TFD’s typical Bogoliubov transformation, written in terms of time dependent fermionic
oscillators. In the present work the focus will be in the tunneling Hamiltonian and vacuum
evolution. The consequences of the new interaction terms in the general dynamics of the
SYK model and the correlation functions will be not studied here. However, it will be shown
that the dynamics of the vacuum in the interaction picture defined here is extremely rich and
helps to understand the role of fermionic systems in black hole formation and evaporation.
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II. THE MODEL
Let’s start by briefly reviewing the SYK model. A detailed discussion of the SYK model
and its physical properties can be found in [24]. The most general complex SYK model can
be described by the Hamiltonian
H =
N∑
i,j,k,l=1
Jij;klc
†
ic
†
jckcl (1)
where the ci, c
†
i are N Majorana fermionic operators satisfying {ci, c†j} = δij. The coefficients
Jij;kl are complex Gaussian random numbers with
Jij;kl = 0 , |Jij;kl|2 = J
2
8N3
(2)
and satisfy the symmetry constraints
Jij;kl = −Jji;kl = −Jij;lk = J∗lk;ji (3)
The main difference between the complex and the original model based on real Majorana
fermions is that the complex one has a global U(1) symmetry ci → eφici. In ref. [21], the
coupling of two SYK models is studied by analyzing the following Hamiltonian:
Hκ =
∑
ij;kl
Jij;kl
∑
a=1,2
c†iac
†
jackacla − µ
∑
i
c†iacia +K (4)
where the coupling constants Jij;kl are identical in systems 1 and 2, µ is related to chemical
potential and it is set to zero here (it is not important for the vacuum dynamics) [25]. The
last term is
K =
∑
n
κ
(
eiφc†n1cn2 + e
−iφc†n2cn1
)
(5)
where κ and φ are real parameters. The K term is known as tunneling Hamiltonian. Now,
two modifications are going to be made in the Hamiltonian (4). It will be chosen φ = pi
2
and
the following Bogoliubov transformation is performed
c2n(θ) = bn = c
†
2n cos(θn) + cn1 sin(θn) (6)
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where θn is just a parameter that can be absorbed in the coupling constant of the theories.
From now on it will be used an and bn to represent the c1n and c2n(θ) fermions. The
Bogoliubov transformed tunneling Hamiltonian is
K(θ) =
∑
n
iκ cos(θn)
(
anbn − a†nb†n
)
(7)
By making the identifications
κ cos(θn) = λn (8)
the model that is going to be worked here is achieved. The Hamiltonian is H = HJ + Hγ,
where
Hγ =
N∑
n=1
[
γn(anbn − a†nb†n
]
(9)
and HJ is the part of the Hamiltonian that depends on Jij;kl. The second modification
is made just in HJ . A new interaction between fields a and b is introduced, such that
HJ = HJ +H
′
J , where, for θ = 0,
HJ =
N∑
i,j,k,l=1
Jij;kl
(
a†ia
†
jakal + b
†
ib
†
jbkbl
)
H ′J =
N∑
i,j,k,l=1
J ′ij;kl
(
aiajbkbl + a
†
ia
†
jb
†
kb
†
l
)
. (10)
The second line of equation (10) is the new term and breaks the U(1) symmetry of the original
model2. Its importance will become clear below. Let us write HJa = Jij;kl
(
a†ia
†
jakal
)
and
HJb will be the same for b fields. The following commutation relations are achieved:
[HJa, Hγ] = 2iJijkl
(
a†iakalbj − a†ia†jakb†l
)
, [HJb, Hγ] = 2iJijkl
(
b†ibkajbl − b†ib†ja†l bk
)
[H ′J , Hγ] = 2i
N∑
i,j,k,l=1
J ′ijkl
[
a†iajakbl + a
†
jb
†
kb
†
l bi − b†iajblbk − a†ia†jb†kal
]
(11)
2 The U(1) symmetry is already spontaneously broken in the original model, as shown in [26]
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We can choose the constants J ′ij;kl to be J
′
ij;kl = −Jij;kl, J ′ij;kl = −Jkl;ij, so that
[HJ , Hγ] = 0. (12)
These commutators play an important role in subsequent calculations. The vacuum is
defined to be
an |0〉a = 0 n = 1...N (13)
bn |0〉b = 0 n = 1...N (14)
where |0〉A = |01, ...0N〉A and the same for |0〉B. Now, if it is chosen θn = 0,∀n, the vacuum
of the original (c1, c2) and the Bogoliubov transformed system are related in the following
way
|0〉a = |0〉1
|0〉b = |11 12 . . . 1N〉2 . (15)
The dimension of the Hilbert space of one theory is 2N and it will be shown that the
maximum entropy is related to it.
III. THE SU(2) ENTANGLED STATE AND THE VON NEUMANN ENTROPY
Having established the fermionic model, we will study the evolution of the vacuum in
this section. Note that, in general, the initial system is prepared to be a thermal state or
the state of TFD at infinite temperature, which is the ground state of the Hamiltonian (7).
The initial state will be the vacuum |0〉 = |0〉a⊗|0〉b, which corresponds to the TFD state at
zero temperature. In order to define the vacuum’s time evolution, the following interaction
representation is defined for any state |α〉 and operator A
|α, t〉I = eitHJ |α, t〉S
AI = eitHJASe
−itHJ (16)
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where S stands for the usual Schrdinger representation and I is the interaction representa-
tion. This implies that
i
∂
∂t
|α, t〉I = HIλ |α, t〉I ,
dAI
dt
=
1
i
[AI , HJ ] (17)
so the operators have the evolution determined by HIJ and the states by H
I
λ. Now, owing to
(12), we get
HIλ = e
itHJHλe
−itHJ = Hλ (18)
and the vacuum state’s time evolution is given just by Hλ
|0(t)〉I = e−itHλ |0〉A ⊗ |0〉B
=
∏
k
δkk
cos (γnt)
exp
[
tan (γnt) a
†
kb
†
k
]
|0〉A ⊗ |0〉B . (19)
Note that |0(t)〉 is a SU(2) entangled state and it is similar to the TFD thermal vacuum.
Choosing θn = 0, we set γ to be the same for all oscillators, γn = γ. The system evolves
from a pure state at t = 0, passes through a state of maximum entanglement at t = pi
4λ
and,
at t = pi
2λ
, it reaches a zero norm state. We can interpret this as another pure state, the null
state; this is confirmed in the entropy calculation. Then a new cycle begins. We will restrict
γt to γt ∈ [0, pi].
The maximum entanglement state corresponds to infinite temperature TFD state. As
an example, let us write the maximum entanglement state for N = 1. Using (15), the time
dependent vacuum at t = pi
4λ
for N = 1 is
∣∣∣0(t = pi
4λ
)
〉
=
1√
2
(|0〉1 ⊗ |1〉2 + |1〉1 ⊗ |0〉2) (20)
which is just the Bell state.
Let us define the density matrix
ρ(t) = |0(t)〉〈0(t)| . (21)
The reduced density matrix is calculated by tracing over the B degrees of freedom:
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ρA = Tr{B}ρ (22)
=
∑
{`i}
∑
{˜`i}
〈{`i}|〈{˜`i}|ρ |{`i}〉 |{˜`i}〉 ,
=
N∏
k=1
1
cos(γt)
∑
nk
[
tan2(γt)
]nk |nk〉〈nk|
where {ni} = {ni}Ni=1 = n1, . . . , nN and we have used the notation n˜i to represent b states.
If we had taken the trace on system A, we would have the same result, as it must be for a
bipartite system like this one.
Let us calculate the von Neumann entropy relative to this reduced density matrix:
SA(t) = −TrρA log ρA
= −
N∑
n=1
[sin2 γt ln(sin2 γt) + cos2 γt ln(cos2 γt)] , . (23)
The entropy resembles the Page curve of black hole entropy, as we can see in fig. 1. It has
a maximum at t = pi
4λ
, as it should be expected, in view of the behavior of the state (19).
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FIG. 1: The behavior of S(t)
N
as a t′ = γt function, from Eq.(23).
The maximum entropy is
Smax = S(t =
pi
4λ
) = ln d(N), (24)
where d(N) = 2N is the Hilbert space dimension of one theory. This is consistent with
the Bekenstein entropy. It can be shown that d(N) is also related to the number of modes
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truly occupied of the two theories in the maximum entanglement condition. Let us consider
Na(t) and Nb(t) to be the expected value of number operator for each theory. So DN(t) =
2Na(t) × 2Nb(t) is the dimension of the total occupied Hilbert space. As
Na =
N∑
i
〈0(t)| a†iai |0(t)〉 = N sin2(γt), Nb =
N∑
i
〈0(t)| b†ibi |0(t)〉 = N sin2(γt) (25)
one can see that at the maximum entanglement time, DN(t =
pi
4λ
) = 2N = d(N).
IV. THERMAL STATE AS INITIAL STATE
In the previous analysis the initial state was prepared to be the pure state |0〉 = |0〉A ⊗
|0〉A. In this way, the mechanism that connects the two theories sounds somewhat artificial.
However, the same analysis can be done if the initial state is prepared to be a thermal state.
That is, an entangled state of the two theories in such a way that, at t = 0, we already have
a black hole. Let’s assume the following initial state
|0〉 = |0(β)〉 =
N∏
n
eGn(θn) |0〉a ⊗ |0〉b (26)
where
Gn(θn) = θn(anbn − a†nb†n) (27)
is the TFD Bogoliubov generator [31]. At the equilibrium temperature T = 1
β
, the parameter
θn is given by
θn = arcsin
(
1
(eβEn + 1)1/2
)
. (28)
where En = 〈n|H|n〉 is the energy of one CQM and Z(β) is the partition function. Note
that the estate (26) is a ground state of the tunneling Hamiltonian. As [Hλ, G(θn)] = 0, the
time dependent squeezed vacuum becomes
|0(β, t)〉I = e−itHλ |0(β)〉
=
∏
n
δii
cos (γt+ θn)
exp
[
tan (γt+ θn) a
†
nb
†
n
] |0〉A ⊗ |0〉B. (29)
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Although the state seems complicated due to the implicit dependence of θn with βEn (given
by equation (28)), the behavior is similar to that found previously. Now the state starts in
a thermal state (which is a pure state of the total Hilbert space) and at t = pi
2λ
, it returns to
the same state. It can be shown that the state (29) is in fact a time dependent TFD state.
It is similar to the one found in [27] for a bosonic dissipative system. Note that the state
(29) is annihilated by the following operator
ai(β, t) = ai(t) cos(θi)− b†i (t) sin(θi) (30)
where
ai(t) = ai cos(t)− b†i sin(t), b†i (t) = b†i cos(t)− ai sin(t) (31)
So, the state (29) can be written as
|0(β, t)〉 =
N∏
i
eGi(β,t)|0〉A ⊗ |0〉B. (32)
where Gi(β, t) = θi
(
ai(t)bi(t)− a†i (t)b†i (t)
)
is the typical TFD Bogoliubov operator for a
system of time dependent fermionic oscillators [28]. The reduced density matrix can be
calculated in the same way as in (23):
ρa(β, t) = Tr{b}ρ(β, t) =
N∏
k=1
1
cos(γt+ θk)
∑
nk
[
tan2(γt+ θk)
]nk |nk〉〈nk| (33)
and the entanglement entropy is
S(β, t) = −
N∑
n=1
[sin2(θn + γt) ln
(
sin2(θi + γt)
)
+ cos2(θn + γt) ln
(
cos2(θn + γt)
)
] . (34)
Note that, at the limit e−βEn → 0, θn goes to zero and the entropy calculated in (34) has
the same form of (23). Actually, as En must be proportional to J , this limit corresponds to
βJ >> 1 and it is precisely in this limit (for large N) that the SYK model has conformal
symmetry and holographic interpretation.
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For the sake of simplicity and to illustrate the results and its dependence on N , suppose
that En = cn, where c is a constant; that is, an ensemble of free fermions at t = 0. Now, the
Page curve is found only in the large N limit as shown in figure (2). Notice how the shape
of the curve changes as N grows. This is just because in the large N limit θn goes to zero.
At this limit, the maximal entropy is the same as in equation (24).
FIG. 2: The behavior of S(t) as a t′ = γt function, from Eq.(23). The Page curve is acquired
at large N limit. It was used βEn = 0.01n.
V. ENTROPY OPERATOR AND MODULAR HAMILTONIAN
Finally, an interesting relationship between the approach used here, the TFD entropy oper-
ator and the modular Hamiltonian can be found. The TFD state at the infinite temperature
limit has the form
11
|0(β → 0)〉 = |I〉 =
∏
i
ea
†
i b
†
i |0〉a ⊗ |0〉a (35)
This is, in principle, a non-normalizable state. However, it is possible to introduce a reg-
ularization, as shown in [29]. The state (29) can be obtained from state (35) through the
following operation
|0(β, t)〉 = e−Ka(β,t)2 |I〉 (36)
where
K = −
N∑
n=1
(
a†n an ln
(
sin2(θn + γt)
)
+ an a
†
n ln
(
cos2(θn + γt
))
(37)
is the entropy operator. Its expected value in state (29) exactly reproduces the entropy
calculated at (34). It appears naturally in dissipative systems [30] and it was defined in the
TFD formalism [31]. Note that the operator K(β, t) leads a system from infinite to finite
temperature. The operator also carries on all the time dependency of the state (29) in such
a way that
∂ |0(β, t)〉
∂t
=
−∂K(β, t)
∂t
|0(β, t)〉 (38)
so the basic notion of equilibrium,
∂ |0(t)〉
∂t
≈ 0, is equivalent to the maximum entropy
condition. The K(β, t) operator also has an important relationship with the reduced density
matrix. A little algebra shows that
ρa(β, t) = e
K(β,t) , (39)
which shows that the entropy operator is nothing but the time dependent modular Hamil-
tonian for this state [32].
VI. CONCLUSION
In this letter, a modification of the usual interaction terms between two SYK models was
made. The first one is just a Bogoliubov transformation of the fields, changing the bilinear
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interaction term (known as tunneling Hamiltonian), which is usually studied in this scenario.
The second modification is the addition of a new four fermions interaction between the two
theories. This allows to write an interaction picture where the vacuum’s time evolution is
written in terms of the Bogoliubov transformed tunneling Hamiltonian. It is shown that
the vacuum evolves as a SU(2) entangled state of the two theories. In the first part of this
work, the initial state is prepared to be the vacuum of the system. In this case, the system
evolves from a pure state at t = 0 and returns to the same pure state at t = pi
2λ
, where λ
is the coupling constant present in the tunneling Hamiltonian. The entanglement entropy
is calculated as a function of time and reproduces the Page curve. The maximal entropy is
obtained at t = pi
4λ
and is Smax = ln d(N), where d(N) is the dimension of the Hilbert space.
The same happens when the initial state is prepared to be a thermal state. In this case, the
Page curve is reproduced only in the large N limit.
In [21] it is performed an exact diagonalization of the SYK model and it is shown that it
admits a ground state close to a TFD one. To complete the work presented here, it will be
important to study the influence of the new interactions in this diagonalization procedure.
As a future work, it will also be interesting to study the influence of the new interactions
proposed here in the dynamics of the SYK model operators, as well as to calculate the
correlation functions in the time dependent entanglement vacuum defined in equation (29)
and its subsequent holographic interpretations.
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